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SUMMARY

A method was presented for the determination of turbulent
transport coefficients in multicomponent flows which requires a
single differentiation of experimental ?,'GZ, E, and.; data.
Assumptions which allow simplification of the general equations
of change, i.e., continuity, diffusion, momentum, and energy
equations, without the restriction that 3E/Br = 0 were discussed.
A constant stagnation temperature was shown to be a particular
solution of the energy equation when LeT and PrT (and hence
ScT) are unity.

Limitations of the method were investigated using a test
case, in which assumed values of the transport coefficients were
used to generate downstream Y and gz profiles, and these computed
profiles then used in an attempt to reproduce the originally
assumed transport coefficients. This technique allowed direct
comparison of derived coefficients with the input values.

Results of these comparisons showed the spacing of the data
points to be a critical parameter, but that interpolated values
could be used in conjunction with original data points (if
properly smoothed). For the test case, in which the

radius of the mixing region considered was 2 in., point spacings
of 0.02 in. appeared sufficiently close to yield reasonable
results; whereas, spacings of 0.06 in. did not.

An estimate of the turbulent transport coefficients for
the case of coaxial free-jet mixing of subsonic hydrogen with Mach
1.6 air was obtained, using data of Reference 8, as an appli-

cation of the method presented herein.
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NOMENCLATURE

Arbitrary constant used to shift origin for Laurent series, ft

Specific heat at constant pressure, ft-1bf/lbm-°R

Molecular diffusivity, or diffusion coefficient, ft?/sec

Eddy diffusivity of mass, ft?/sec

Eddy diffusivity of heat, ft2®/sec
2
Eddy diffusivity of momentum, ft /sec

Arbitrary constant used in Laurent series

Dimensional constant, 32.174 lbm-ft/lbf-sec?

Stagnation enthalpy, ft-1bf/lbm
Static enthalpy, ft-1bf/lbm

Total mass flow rate within nth stream tube divided by 2%
(defined by Equation (12)), lbm/sec

Lewis number, ECpDi/k

Turbulent Lewis number, Edi/Eh

Mach number

Static pressure, 1lbf/ft?

Prandtl number, pr/k

Turbulent Prandtl number, Em/Eh
Radial coordinate, ft

Coordinate of wall or centerline, ft

Radial coordinate of streamline, ft
Schmidt number, u/pDi

Turbulent Schmidt number, Em/Ed
i

Absolute temperature, °R

Mass-average or bulk velocity, ft/sec

sl G o G e == e = B T B o == s o = 9 e ==
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NOMENCLATURE (contd.)

Mass fraction

i
z Axial coordinate, ft
€, Eddy viscosity, EEm, lbm/ft-sec
’ Eddy thermal conductivity, ECth, ft-1bf/sec-ft-°R
7} Molecular shear viscosity, lbm/ft-sec
£ Turbulent mass transfer coefficient, ;Ed' lbm/ft-sec
o Density, lbm/ft?2
d Dissipation function, ft-lbf/ft®-sec
© Arbitrary function
Subscripts
e External (air) stream
i Particular molecular (or atomic) species
Jet (Hydrogen) stream
r Radial component
S Streamline
T Turbulent
t Total or stagnation
\ Wall
z Axial component

Arrows denote vectors; bars time-averaged; and primes turbulent

fluctuating quantities.
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MIXING IN SUPERSONIC FLOW

I. INTRODUCTION

A basic understanding of turbulent mixing is important for a
wide range of current applications, including supersonic combustion
ramjet engines and flows about launch and reentry vehicles. For
example in a supersonic combustor employing a diffusion flame where
mixing is the controlling mechanism, prediction of the mixing is
critical to an understanding of the combustion phenomenon. In a
hydrogen fueled upper stage vehicle, in which hydrogen is vented
during the launch phase, knowledge of the mixing is necessary for
the evaluation of potential hazards to the vehicle.

Unfortunately, no formal theoretical development for predicting
mixing in complex turbulent flows is currently available so that a
phenomenological approach must be applied. Such approaches (e.g.,
Prandtl's mixing theory, Reichardt's inductive theory, and von
Karman's similarity hypothesis) have been used over the years as a
means for treating specific mixing problemsl. More recently various
eddy viscosity models have been proposedz_s. In some cases solution
of turbulent mixing problems have been obtained by incorporating
these models into a finite difference technique for solving the
appropriate equations 2,6.,7 .

An alternative approach has been considered by several inves-
tigators in which experimental data are used to determine turbulent
transport coefficientsS-ll. These coefficients generally are applic-
able only for the particular experimental conditions for which they
have been determined. They are useful for evaluating the degree of
mixing obtained with a particular test geometry, and for comparing
different geometries and flow conditions; however, their major use-

fulness ultimately should be correlation of supersonic mixing data so

that predictions can be made, at least within the range of variables

of interest.



TR 592
Page 2

In References 8 and 9 the assumption was made that normalized
cosine profiles adequately represented both concentration and
velocity data at regions downstream of the potential core of a
coaxial supersonic jet. These fitted profiles were differen-
tiated twice and used in the determination of the transport co-
efficients. Although cosine profiles may reasonably well approxi-
mate experimental data in regions in which similarity between
radial concentration profiles and between velocity profiles exists,
Hinze12 shows that true similarity does not exist for the general
case considered in References 8 and 9, in which the velocity of
the jet and the external stream are of the same general magnitude,
i.e., their velocities are significantly different but neither
stream is quiescent. Since cosine profiles are only an approxima-
tion for these data, slopes obtained by differentiating them might
not adequately represent true local variations of the experimental
data, and the validity of transport coefficients derived by this
procedure must be questioned.

For this reason, an alternative approach was selected in
References 10 and 11, in which transport coefficients were deter-
mined by a single numerical differentiation of experimental con-
centration, velocity, and density profiles obtained at three or
more axial stations; this approach is not limited to regions where
similarity exists in the flow. Polynomials were fitted through
five closely spaced data points and the required derivatives
obtained by differentiating the polynomial using a five-point,
second-order running smoothing routinel3. The need for evaluating
second derivatives was overcome by integrating the equations of
change once in the radial direction from a boundary to a stream-

line. Experimental results were limited to the case of sonic

m S IE N

e = dadiBb =
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radial and axial injection of cold hydrogen through circumferential
wall slots into cold Mach 2 and 3 air streams. The energy equation
was not considered in detail in this investigation since measuré—
ments showed the stagnation temperature remained approximately

- constant throughout the mixing region. The validity of the re-
sulting coefficients was tested using a numerical integration
technique (Crank-Nicolson) in which the transport coefficients and
radial velocity were used in solving the diffusion and axial momentum
equations both separately and simultaneously. Agreement between com-
puted and experimental concentration and velocity profiles at several
downstream axial stations was considered satisfactory evidence that
valid eddy coefficients had been derived from the experimental pro-
files. Of course, agreement between computed and experimental profiles
merely demonstrates the consistency of the eddy coefficients with the
original profiles from which they were derived.

.The analysis présented herein for coaxial injection is more
general than that previously reported, since radial integration of the
general axisymmetric diffusion and momentum equations as well as the
simplified equations, and a detailed treatment of the energy equation.
are considered. In addition, analysis of a test case is presented
which clarifies certain points of the numerical data handling techniques.
In this test case, assumed values of thetransport coefficients were
used to generate downstream concentration and velocity profiles, and
these computed profiles then used in an attempt to reproduce the
originally assumed transport coefficients. Using this technique, the
derived coefficients could be compared directly with the input values.

Unfortunately, no completely adequate experimental data were
available for use for the determination of transport coefficients for

the case of interest of supersonic, coaxial, free-jet mixing. However,
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exper imental data presented in Reference 8, which generally con-
tained five or six radial experimental data points at five or six
axial stations, could be used as a firstvapproximation if additional
points were generated by interpolation. Analysis of these data is
presented in the Appendix as an application of the method presented
herein. Since any errors in the original points would be trans-
mitted to the interpolated points, discrepancies in the original
points would be magnified when the resulting profiles were differ-
entiated. For this reason, no attempt was made to utilize these
data for obtaining even an empirical mixing model; only simplified
trends, suggested by smoothing the raw transport coefficients,

were obtained. Fortunately, these trends were shown to be reason-
ably consistent with the original experimental data because com-
puted and experimental concentration and velocity profiles agreed
auite well at each downstream axial station at which experimental
data were available. Of course closely-spaced accurate experi-
mental data will be required in future work to obtain detailed vari-

ations and semiempirical models of the transport coefficients.

am = wms D == =l @
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II. ANALYSIS

| Generally, the starting point in turbulent analyses is the
hypothesis that the Navier-Stokes equations and the other equa-
tions of change are satisfied by instantantaneous values of the
velocity, concentration, and density. However, a group of French
scientists recently has objected to this hypothesis; they feel that
since a turbulent velocity field is in "pure chaos", the instan-
taneous velocity of a particle of fluid could not be sufficiently
regular to satisfy a system of partial differential equationsl4.
Of course, the same objection can be applied to use of the turbulent
continuity, diffusion, and energy equations. Unfortunately, no
substitute for these equations has been proposed, so that it is
necessary to accept them as the starting point in turbulent
analyses, at least as the best approximation available.

Pai14 states that the final and logical solution of the
turbulence problem will require application of the methods of
statistical mechanics. This approach would require expressing
the turbulent-transport rate of a transferable quantity completely
in terms of statistical functions of the turbulent velocity field
and of boundary or initial conditions. Until such a character-
ization is available, any solution of transport problems must be
incomplete and at best approximate (i.e., semiempirical)ls. Also
before a rational statistical theory of turbulence can be developed
along the lines of classical statistical mechanics, it is necessary
that uniqueness and ergodic theorems be established as they have
for the case of classical, statistical mechanicsl4.

Since the Navier-Stokes equations are nonlinear, the proof
of a general uniqueness theorem is extremely difficult, i.e.,
that a given initial state of a system at a particular time will

uniquely determine its state at any other time. In experimental
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investigations time-average quantities, which depend on a particular

ensemble, are used almost exclusively because in practice it is
impossible to obtain statistical averages experimentally; however,
in theoretical investigations statistical averages (i.e.,
ensemble averages) almost always are used. The ergodic theorem
of classical statistical mechanics states the sufficient conditions
for the equality of these two kinds of averages for almost all
samples. Unfortunaely, no ergodic theorem has been proved in fluid
mechanics; however, the assumption that two averages are equivalent
is frequently madel4.

Therefore, in attacking practical turbulent mixing problems,
instantaneous quantities are resolved into time-averaged and fluctu-

ating quantities, substituted into the appropriate equations of

change and time-averaged term-by-term. Some simpli-
fication of the resulting equations is obtained by assuming that
in addition to fluctuations of velocity, density, pressure, and
temperature (or enthalpy), there are fluctuations of mass flux
(i.e., (pV)] regarded as a single property. This simplification,
which allows the steady state continuity equation to be satisfied
by both time-average and fluctuating components of the mass flux,
was first employed by Van Driest in his analysis of turbulent com-
pressible boundary layér flow (e.g. Reference 16). Application
of these techniques to the steady, axisymmetric, equations of

change yields*.

* Details of the method are presented in Reference 10.
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Turbulent Continuity Equation
13 d
= 2 + & = 1
r or (ﬁV r) 7 (nV ) 0 (1)
Turbulent Diffusion Eguation
Y, Y, 3 S [ Y,
i - i 1l 3 - 1 d - i
— + == 2 — £ + — 2
Vr T oV 7z ¢ ar'o(D+Ed. ) r - - a (D Ed. ) e } (2)
i_( 1, - l- 1o -
Turbulent Navier-Stokes Momentum Equations
a. Radial Eguation
- —_ - - - -\
- 2 v v av_
- X.r_+°—v Ve _ 3 2y i\fL_Y_{\+€1[a_£__£_°z
r dr zZ dz 9e ar r dr r j 3r dr r Az
] vV 7oy ] AV AV )
Lo jzwed [, T e s (uten) | —2 + —Z | (3)
Ar ‘ 3 Ar r dz | Az 2 dr 3z |
b. Axial Equation
AV AV - r [3v 3V
S o 3 1 3 P4 r
— + =- —_— + = — + +
Ve 3 av 3z o 3z r r t‘(u € )T \ar Az ]
] o | (4)
l2(:t+€4) IAv \Y N/
+_3__| 52 z __r _ r
3z | 3 \ Az r ar
|

Turbulent Energy Eguation

_ i
— 3h o ah la |—“—————' — ———— -
AV == + aV — +="— .+ " h! . ‘Y.'h.’
r 3 oV, 3z T¥ 3z “pv )’ Y, 'r hl (pV;) hl,r Y, + (ovr) Y, hl ?
[ | - Y.
) ! Twr? 1. . 1+ 1 <7 ; l% i AT - - 1
+ — X A4 Y! h,+(av : .+ 'Y’h! |!= = — M . +sD.rh, ™= +
dz i'(o z) i i (o z) hl Y5 (°Vz) Ylhl r ar : }kr 3% ODlrhl Ar
Y v/ BY; AW -
+D.r o'h;/ —= + D; rh, o'57~ + pD,r hi—= + D.r ‘hi o+ Tk T+
fo) hl T o’ 5T D i3 D 0 N ?{ 2
.- Y N _ Yy Yy v
+ oD, h., — + . 'h, — + .0 — 5 f—= + . "h! i
P Ny 3z D; p hl Az D, hlo Nz T oD, hi?qz D; o hl Az }+
/
- AP , ' - AP ] -
sV ey 2B 47 2B,y 2B 3 (5)
r 3r r Ar Z AZ Z Az
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where _
- - Y.
(oV )'Y.' = - PE, i (6)
r i
i, or
— - 3y, *
(pvz) Yi = OEd_ i (7)
i, 3z
2¢ A\'/r \’/r 5\72\
(pvr) Vr T3 2 Aar ;~ Y / (8)
3V v
' ! = - —_— :
(v, )V, € \ 3r Az (9)
AV a\'/r |
] LI D m———
(oVr) v, f3i3 Az (10)
IR 2¢, ' AW v WV
' L 2 —= - = - —=
(on) Vz 3 3z r ar j (11)

Because of its complexity, Equation (5) is written in terms of Reynolds
transport terms rather than turbulent transport coefficients;

it must be simplified before it may be applied to

practical problems. For the general case of subsonic flow and both
subsonic and supersonic boundary layer flow, turbulent transport co-
efficients usually are defined so that the Reynolds transport terms
can be replaced in the turbulent equations of change preserving the
laminar form of these equations. Of course this substitution is
arbitrary and really can be justified only if these coefficients prove
to be a more useful representation than the original Reynolds transport
terms. Because of the complexity of the momentum equations, four
arbitrary coefficients of eddy viscosity were defined in order to pre-

serve the laminar form of the equations.

* The axial dispersion coefficient is frequently defined in a similar
17

manner to Ed
1,

i [N
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Unfortunately, at present no experimental procedure has been
proposed for measuring the transport coefficients defined in Equations
(6) to (ll) directly. Of course, if one of the coefficients in each
equation were considerably less important than the other, so that it
could be neglected, each of the remaining terms in the equations
might be evaluated using experimental data, and the missing coefficient
determined. One integration of Equations (1) to (5) would eliminate
the difficult task of obtaining accurate second derivatives of the
experimental data. This result can be accomplished by integrating
the equations once in the radial direction between a boundary and a
streamline, i.e., a line bounding a fixed mass flow designated rs(n).

The values of rs(n) are found for a number of test-section
lengths and various values of the constant kn by a numerical evalu-
ation of the integral

r_(n)

EG' rdr = k (12)
z n

*
where r designates either the centerline or a streamline in the free

*
stream. The boundary conditions at r are
4 - -
oo e o _dE_M_g _,
e ©dr Ar dz Ar Az r

< - (13)
AV = =

k + Ar Ar Az AZ or dz

since no mass, momentum, nor energy, diffuse in the free stream, and
the centerline is an axis of symmetry. Equation (12) shows that there

will be no net flux of mass across rs(n) by convection, although both

fuel and air cross it by diffusion (equal masses in opposite directions).
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Multiplying each term in the continuity equation, Equation (1),
by rdr, integrating from either the free stream or the centerline
to rs*and application of the generalized Liebnitz formula for inter-

changing the order of differentiation and integration yields

r ar
—_ 3 s - s
+ = ov dr = —_— v
pvrrs r dz I sz rar OVzrs Az r (14)
s * s
r

But Equation (l2) requires that the second term on the left be zero,

so that «r
s

_ _ Ar
V. =
oVy = pv, 3 (15)
Equations (2) to (4) may be integrated in a similar manner.
Using Egquation (15) there results
Diffusion Eguation
3 Ts —_ _ 6?1
= L - + _— - =
3z f* PV, Y5 p (D Eq, ) 3z rdr
r 12
_ (16)
_ T, AY,  ar_
= + —— - + : .
o (D Ed. ) ar p (D Ed. ) AZ 3z . rs
i, i, r
s
Radial Momentum Egquation
rs aﬁz aGr
3z j* PV Vy = (ptes) Ar Az rdr =
(17)
_ - r
Ts N T _|s
+ - —_ . —= - dr + |- +
I ch 3 2 r dr Az * gcPr
* r*
- - - - rq
. v A\
2 (e, )r , BV} _ EL._BVZ C (ren)s d 2 3 rlar
3 dr r 2z Kres 3z Az [dz | *
r
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Axial Momentum Eguation
r - - - - =
5 s __ _ 20tey) AV, V. AV |
i f + - ————— - — L, —— : =
Az j lon Vz ch 3 \2 3z r Ay rdr
* | _ i
r
r
r IE AR A S
i :
g(u+§3)r { ot 37 | . + (18)
i [
-~ \: rs
_ o 20wkey) [ 3V Vo av ']ar
+ P - - — - — =
tgc 3 \2 Az r dr } ;?z r .
= r

The momentum flux terms in Equations (17) and (18) are zero for
the limit r* = 0; however, they are not necessarily zero in the free
stream ) ecause ﬁr can be finite, and therefore, >»r/»z %.0.

Because of its complexity, Equation (5), the energy was not
integrated until after the simplification discussed below.
Fortunately, in cases where the stagnation temperature does not
vary significantly in the mixing region, it is not necessary

to consider the energy equation at all.
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ITI, SIMPLIFIED ANALYSIS

Since six turbulent transport coefficients occur in Equations
(15) to (18), there are insufficient equations available for their
direct determination, even if all the remaining terms in these
equations could be experimentally evaluated. To reduce the number
of unknowns some assumptions must be made concerning their
relationships, e.g., that some are either equal or negligible.
Of course, even when such assumptions are made, accurate determina-
tion of the remaining terms would be difficult using experimental
data because of the need to evaluate both axial and radial de-
rivatives of various terms. An alternative approach to omitting
terms, which leads to considerable simplification, is to make
several general assumptions concerning the flowlo'll. The
assumptions that appear most reasonable for high-speed flow because
of the importance of axially-directed convective bulk flow are:

1) Both diffusion and energy transfer in the axial

direction by conduction and diffusion, are negligible

compared to that in the radial direction;

2) Viscous normal stresses are negligible;

3) Viscous shear stresses depend primarily on the

radial gradient of axial velocity(égz/ar > > av;/az);
4) The term VZ(BP/BZ) > > VriaP7Br5

Assumtion 2) appears reasonable because an order of magnitude
analysis shows viscous normal stresses are negligible compared

to the pressure even in the boundary layer where viscous forces
attain their maxima. A consequence of this assumption is

Bgz VZ > > (BV;TTV;T which appears reasonable for high-speed
flow and that 5Vr'7£ > > (EV;TTV;; it also allows simplification

of the dissipation function ® which becomes

™ m e s ==
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_ ov_\* oV! 4" . OVZ 2 ;
D - £ —a—rE +(, 2 . ].\ar ' (19)
gc or / gc |
If the additional reasonable assumption is made to simplify
- Eguation (5) that terms containing (pvz)' , P' and h' as products

*%
with other fluctuating terms are negligible, Equations (2) to (5)

become respectively,

Diffusion Equation*

3Y _ a?i - oY
PV — + pv ——= = = = p(D+ (20
PV, or PV, 0z r or Pl Edi)r dr ] (20)

Radial Momentum Equation

oV _ oVr 5 oV P
v + — = T . + -g — 2
v, 3 PV, 33 sz - (Bt 3 J -g - (21)
Axial Momentum Egquation
% av oV =
N — z 18 - z P
S = = = | + —_— - _— 22
er or P Z 3z r or -~ (m 63)r or gc oz (22)
Energy Equation
oH 3 1o .,k . — oH
— — = = = | — + —~— +
pVr ar * pvz dZ r or ( Cp th) * ) J
3Y
12 1 1 — i,
+=— X - > ) + E_ (1- — h b+ 23
r 3r i {[Di(l Le.) ,di( Le ) 1 xp i or (23)
i . Ti
oV
1l o r 1 - 1 r z
= 9 £ - — ) + - = ——
T dr e Pr ) pEm(l Pr )] 29 or )
T e}
where _
BVZ
BV V'V ' e - e 2 24
(PVZ) v, € o1 (24)

*In Equation (20)Ed has been written for Ed
i i
**with the exception of (er)'. :
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and
v,
(er) Vz ~ - €y 3L (25)

These equations along with Equation (1) may be integrated as
before to give

Continuity Eguation

or

— s
PV, =PV, 32 (26)

Diffusion Equation

r
s —
o -~ v R Y
dz '£* sz Y rdr = L p(Df"Edi)rs dr ]rs (27)

Radial Momentum Equation

o) S avz avz 3r rs
— ARV - + — T —_—
d2 £* [szVr (W 62) dr Jrdr L (u+e2)r dr dz ]r*
c (28)
s rS
+ [ gpPpdr - [g Pr ]
r*
Axial Momentum Eguation
rs ;V rs rs
;é— I PV V rdr = (ute ) r = +|g Pr oL
92 zZ 2z 3 ar c dz
r* * r*
r_ (29)
a —
" 32 £* chr dr
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Enerqgy Equation
r _
Q._ 7O = k_ = ﬁ
3z 9, szH rdr = [(C + th’ r e }
Y P r
s
1 1 —— 3§1
: [Di“- te,) ¥ Fa, U 1o )] TPy T (30)
1 1 1 T,
i
r ; 35
1 — 1 S Z z
[u(l— pr )t PE (1~ o7 )] p 2
T o] r

Since €, F# €., unless V. p'V' and V p'V' are small compared to
2 3 r z z r

;V£Vé Or are approximately equal, each of these coefficients must
be determined independently. However, the transfer of axial
momentum is generally of greater interest than transfer of radial
momentum, which may be quite small in applications such as free
jet mixing; therefore, €, frequently is of primary interest.
Fortunately, it may be determined readily from Equation (29) and
expérimental‘vz, ;, and P profiles obtained at va;;ous axial
stations, as long as the assumption is made that 5757 is negligible
compared to ;5. Note that there are no restrictions concerning
radial pressure variations in Equations(22) and (29)as there

are in the boundary layer momentum equation. If the viscous

terms in Equations (21) and (28) are negligible, these equations
still would be useful for checking the consistency of the inertial

and pressure terms, and hence, the experimental measurements.

If the inertial terms in these equations also were negligible,

Equations (21) and (22) [and (28) and (29)] reduce to the usual

boundary layer momentum equations, since in this case 3§/Br=0.
Equation (30 )can be used to determine PrT and LeTi if

experimental stagnation temperature profiles are available. Of

course, for cases in which Et was not constant throughout the flow,

these profiles would be necessary for computation of E} 5, and VZ.
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The stagnation enthalpy,'ﬁ could be computed from T£ using the

relation

p. i t

? C Y. 4ar (31)
£ i

Static enthalpies required in Equation (30) could be computed using

the relations

_ ¥
h=H—3— (32)
gc
and
hi = h Yi (33)

Since Ed and Em are determined from Equation (27) and (29)

ScT can be oﬁtained from the relation ScT =Em/Ed ; LeT can be
i i i i

eliminated from Equation (30) using the identity

LeT. = PrT/ScT' (34)
i i

and Equation (30) solved for PrT. Once PrT has been determined,

Equation (34) can be used to compute LeT completing the determination

of the turbulent transport coefficients.l

tmt Snn o Sed S saE AN IS BB S e SaE SR SBE Bam s s
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IV. PARTICULAR SOLUTION OF ENERGY EQUATION
The turbulent energy equation, Egquation (23), can be rewritten

in terms of the stagnation temperature, EE by using the relations

= L _ BH, 4T, _ By,
= =% (ZY.H,)=ZY.—= — + ZH, - (35)
or or 4 117 3 1ort or i 1 or

= ar

dHi Cp. Tt (36)

1
c_=ZIZcC_vY, (37)
p i Pyt
which yields for the radial derivative

— 3T dY,
H_o t,zrE 2 (38)
or p or i 1 or

Neglecting molecular transport compared to eddy transport for
simplicity, substituting Equation (38) into Equation (23), and

using a similar relation for the axial derivative, gives

r 3T oT, - r oT
| = t — t 13 | = t |
Cp Lp r ar oV, oz T r 3r 1Cp PEy T 5
— E‘Yi . oY 13 _ B-Y— gy S?l ?J—'I—'t
- — + -— — — — 1 - J—as
f Hi|PY dr oV, 3z r dr (OEh T3 VI+PE, T Cp or 3r
- 2
Y ov -
13 | 1 i 1 — r z
PRI G P Rt L I
r o 14 (1 Le, ) OE - (1 PrT)oEm 2g. ot

It LeT‘ and PrT are unity, the second | see Egquation (20) J and
i
last terms on the right-hand-side of Equation (39) are identically

zero; therefore, for this special case the energy eguation becomes

(39)
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oT oT oT
— T = Tt 13 - t
Cp PV, 3 TP, 3z T r dr Cpthr dr +

(40)
dY, T,

+pE,L, ZC —
P h 4 p; 9r Oor

Clearly, a constant Tt is a particular solution to this equation.

Therefore, if Tt (r) is constant at an initial axial station,
o
LeT and PrT (and therefore SCT-) are unityland the flow is
L1 . . 1 . .
adiabatic, the stagnation temperature will remain constant and

equal to Tt throughout the flow field*. Note that H is not
o - - -
constant also, because H is a function of both the Yi's and Hi's

(H=ziT HiYi) .

T, in general can remain constant throughout the flow field

t
only when Pr S and Le, are unity; therefore, the procedure

c
T' T;' T3 _
used in Reference 8 is again in general inconsistent, since Tt

was assumed constant in the computation of gz and p, and these

values then used for computing values of ScT and LeT considerably
different from unity. * *

* This result was first obtained from analysis of computer output;
the analysis presented herein was undertaken at the suggestion of

Dr. R. Edelman of GASL.
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V. TEST OF NUMERICAL TECHNIQUE

The major difficulty in obtaining turbulent transport
coefficients from experimental data is the evaluation of the axial
derivatives of the integrals in Equations (27) to (30). 1In
order to establish these derivatives, experimental profiles must
be available at a minimum of three or four axial stations, soO
that a polynomial can be fitted and differentiated. The order
of the polynomial can be up to one less than the number of
axial stations available. However, the greater the order, the
more frequent and extreme can be its oscillations and the more
erratic the derivatives. Use of a lower order least squares
fit would smooth the experimental data, but some of the resulting
details of the distribution would be lost. Because adequate
experimental profiles generally are not available at more than
four or five axial stations, it is important to determine whether
or not satisfactory axial derivatives can be obtained from such
data. Therefore, a test case was prepared by assuming initial

hydrogen concentration, and axial velocity profiles of the form

Y = 0.45 + 0.45 cos(2r) (41)
Vz -~ 1000 + 100r (42)
where r varied from 0 to 2 inches (Figures 1 and 2). For

simplicity, the stagnation temperature was assumed constant

at the initial axial station because in many cold flow mixing
studies, in which the stagnation temperature of the gases to be
mixed are equal prior to mixing, measured stagnation temperatures
vary only a few percent throughout the mixing region.s'lo. . Also
for simplicity, the static pressure was assumed equal to be

atmospheric throughout the flow, and no radial momentum transfer

was considered. Using a GASL program for the numerical integration
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of th: diffusion, momentum, and energy equations 7, concentration,
velocity, and density profiles were generatéd at numerous down-
stream stétions, assuming a constant turbulent mass transfer
coefficient, § = ;Ed = 0.02 lbm/ft-sec and Scq. Pr and Le,,
to b2 unity*. Three computed concentration and velocity profiles
at intervals of approximately 5 in. (in addition to the initial
profiles) wefe selected for the test case; these profiles are
presented in Figures 1 and 2.

The general geometry and profiles selected were similar
to those used in Reference 18. These profiles were used as
input to the computer programlo developed for the determination
of Ed and Em(and £) which evaluates each term in Equations (27)
and (29) and solves for the transport coefficients. Eguation (28)
was not used in thé test case because radial momentum transfer
had not been considered in the computation of the test profiles.

The integrals in Equations (12), (27), and (29) were
evaluated numerically by interpolating the Y, VZ and p profiles
at 250 radial positions and using the trapezoidal rule; their
axial variations were determinated by fitting a second order
- (for maximum smoofhing)truncated Laurent polynomial in f/(z+fa)
and differentiating the polynomia¥¥* The terms Sg/br and
3§é/ar were determined by numerical differentiation of the con-
centration and velocity data, using a five-point, second-order,
running-smoothing routinel3, and p was calculated from ?,Vz and T

using the perfect gas law and the assumption that'Ttand P remained

constant.

* The subscript i is dropped for the binary hydrogen-air system

considered.

** f and a are constants which depend on the magnitude of the

experimental range of z.




TR 592
Page 21

Results of these computations are presented in Figures 3 and 4.
Unfortunately, the computer program used to generate the profiles
in Figures 1 and 2 did not compute closely spaced grid points
near the centerline because the stream function, V¥, was used
as the radial coordinate. Also computing time was greatly
increased as the number of radial grid points increased; therefore,
the number of grid points that could be used to demonstrate the
effect of grid spacing was rather limited. As shown in Figure 3
few grid points resulted in very large point spacings near
the centerline, which yielded excessively large values of B?/ar
and 362/ar (because of symmetry these terms always should equal
zero at the centerline) and correspondingly small values of £ in
this region.

In Figure 3, the case designated "Interpolated"” was obtained
by selecting only five points from the computed profiles in Figures 1
and 2, and interpolating an additional 36 points using a second
order interpolation routine, machine plotting the results to a
large scale, and smoothing any interpolation errors by hand.
Although only 41 grid points were used at each axial station in
the interpolated case, their closer spacing near the centerline
resulted in much better agreement with the input value of
£ = 0.02 (Figure 3) than did the 41 point case in which each grid
point was exact (taken directly from Figures 1 and 2) but not
closely spaced at the centerline. Unfortunately, because the
case of the 100 grid points required excessive computing time
for the numerical integration with which Y, VZ, and 3 profiles
were computed, it was necessary to limit the axial distance over
which these profiles were computed to only 1.5 in. rather than 15 in.

as was obtained for the 21 and 41 grid points.
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From Equations (27) to (30), it is obvious that values of

the transport coefficients cannot be obtained at the centerline

since both the integral terms as well as the radial derivatives

are zero at this point. Of course,

transport coefficients can

be obtained as close to the centerline as desired as long as

reliable data (or interpolations) are available. However, the

coefficients could be evaluated at the centerline if the appro-

priate forms of Equations (20) to (23) are used. The symmetry

@onditions allow simplification of these equations at the

centerline to give*,

Centerline Diffusion Equation

_ 2
v X _ spm+E, ) 2
or

ML4

Z 3z d

Centerline Radial Momentum Equation

vV =0
r

Centerline Axial Momentum Equation

— 2—
v Y, ° v, oF
z 5z = 2(/J,+€3) > - gc g
or
Centerline Energy Equation
— p
— 3H _ k - 3°H
PV, 52—2(1':; + pE) T 4
dr

Le

1 1 —_
+22;_;- [D (1- ) +Ed (1~ To )} ph;

1 [ 1., — 1
+ — | u(l- T2)+ pE_ (1- )]
gc Pr m PrT

2y - .22
pr ar) B zmarZ

lim 1 8
r--0 r 3dr

(43)
(44)
(45)
azs?i
+ (46)
ar2 .

If the function differentiated is symmetrical about the axis,

aamm P, A it P -tk S = el ] Al _ [ ) ] Ty o | Y gl |
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Values of the transport coefficients at the centerline in principle
can be obtained from these equations. Of course, extremely accurate
closely-spaced experimental data (or interpoltations) would have
to be available for the evaluation of second derivatives. The
alternative of using Equations (27) to (30) to determine transport
coefficients as close to the axis as possible and then extrapolating
smooth continuous curve to the centerline (using the symmetry
conditions) is very appealing since in this procedure the difficult
problem of the evaluation of second derivatives is eliminated.
Results obtained with the Interpolated case in Figure 3 show this
later procedure yields reasonable results.

In the intermediate region between 0.2 to 1.5 in. in Figure 3,
the value of the transport coefficients for all four curves had
a maximum deviation from the correct value of only *25%. This
agreement is rather remarkable considering that for the case of
21 grid points only slightly more than a total of 80 input points
were used at the four axial stations, each separated from the other
by 5 in., and that in theinterpolated case a total of only 20
original points was used, some of which were more than 0.5 in.
from neighboring points of the profile. The oscillations that
occur in the Interpolated case (Figure 3) primarily were caused
by the difficulty in differentiating interpolated data ,and the
discrepancies in the hydrogen mass balances which resulted in
inaccuracies in 5§/ar and in the axial derivatives of the in-
tegral in Equation (27). However, these results clearly demonstrate
that very reasonable approximations of transport coefficients

may be obtained from rather limited experimental data.
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Figures 3 and 4 show that at radial positions greater than
1.5 in. at which Y approachs zero (Figure 1) valid coefficients
cannot be obtained. In this region, both the axial derivative
of the integral in Equation (27) and 3Y/3r approach zero as the
free stream is approached, so that their ratio cannot be
accurately determined. As r—oo and each of these terms becomes
zero, the computer designates 0/0 as O.

Figure 4 illustrates the effect of axial station on £ for
the 41 point grid. Best results are obtained at intermediate
axial stations rather than at the end points; of course, this
result would be expected because of the difficulty in obtaining
accurate slopes from polynomial fits at end points. However,
very reasonable agreement was obtained between the computed and
input values of ¢ at the intermediate axial stations for this
case.

The general conclusions to be obtained from this test case
is that approximate values of the turbulent transport coefficients
can be obtained from a limited number of experimental data points,
as long as the original points are reasonably accurate. However,
since point spacing is important even when the data points are
exXact, some ambiguity of results is to be expected when using

experimental profiles. That is, reasonably closely spaced

accurate experimental data must be used in order to obtain detailed

variations of the transport coefficients.
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APPENDIX A

EXPERIMENTALLY DETERMINED TURBULENT

TRANSPORT COEFFICIENTS

One objective of the present investigation was to use the
numerical technique presented herein to determine turbulent trans-
port coefficients for the case of supersonic, coaxial, free-jet
mixing. Unfortunately, no completely adequate (closely-spaced)
experimental data were available for this purpose. However, experi-
mental data presented in Reference 8, which generally contained
five or six radial experimental data points at each of six axial
station could be used if addition points were generated by inter-
polation as had been done in the Interpolated test case previously
discussed. Of course, in the present case the experimental data
points were not necessarily exact, as they had been in the test
case (where the points were computed); therefore, any errors in
the original points were transmitted to the interpolated points,
so that discrepancies in the original points were magnified when
the resulting profiles were differentiated. Clearly, detailed
variation of turbulent transport coefficients only can be obtained
from closely-spaced, accurate data points.

The data of Reference 8 obtained for the case of coaxial,
free-jet mixing of subsonic hydrogen (M=0.5 to 0.9) with a
surrounding Mach 1.6 air jet {l.1 1lb/sec) at an overall equivalence
ratio (ER) of 0.1l0 to 0.25. Stagnation temperature and static
pressure were assumed constant throughout the mixing region in the
computation of velocities and densities as had been done in
Reference 8. Typical concentration and velocity profiles obtained
at six axial stations between 4 and 9 in. downstream of the in-

jection station are presented in Figures 5 and 6 for a hydrogen
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mass flow rate of approximately 0.007 lb/sec (M=0.89) into a 1.1
1b/sec, Mach 1.6 air stream (ER = 0.25). Original data points
are plotted as symbols in these figures; the final interpolated
(and somewhat smoothed) profiles used to determine the turbulent
transport coefficients are plotted as solid lines.” Conditions
for this run, designated Case C, are summarized in Table 1,
along with runs A and B. The mass and momentum balances com-
puted at each axial station are presented in Table 2. A
sufficient number of points were interpolated for each of the
experimental profiles, so that a total of more than 40 points
were available at each axial station. Grid spacing at the
centerline was approximately 0.017 in. and at the free stream
0.020 in.

The turbulent mass transfer coefficient, ¢, as well as the

eddy diffusivity of mass, E (EEﬁEd) and the eddy diffusivity

of momentum, E, were obtainid using Equations (27) and (28), and
the procedure previously discussed. Typical results, obtained

for Case C, are presented in Table 3. As anticipated considerable
variation occurred in these transport coefficients because of the
inconsistencies in the mass balances and the difficulties inherent
in differentiating interpolated experimental data starting with
only a few original data points. In addition, some error may have
been introduced in the velocity profiles by the assumption that

the local free stream static pressure and the stagnation temper=
ature were constant throughout the mixing region. Because of these
problems, better values of Em were obtained by assuming ScT =1
than by direct differentiation of the velocity profiles. Therefore,
experimental values of Em and ScT are not reported. Despite the
variation that occurred in the derived transport coefficients,
certain trends appeared, which generally were consistent for each

of the cases analyzed.

* For the purpose of the initial computations, the axial symmetry
indicated by the dashed lines in Figures 5 to 8 was not considered;
rather the best smooth curves through the experiental data were used.

—— e 4w GaA aam A Aan S Aan Ak sk A A B Ak A A
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As a first approximation, a model was constructed simplifying
the major trends shown in Table 3 to include only radial dependence
of £ and Ed. In order to determine whether or not these trends
were at least a valid first approximation, the program for the
numerical integration of the diffusion, momentum, and energy
equations7 was used to compute Y, Gz' and o profiles at various
downstream locations using the simplified trends as input to the
program. This test was similar to those previously reportedlo,
except for two important differences: 1l). 1In the present
numerical integration technique, the stream function,i, was
used as the radial coordinate. Because of this transformation
the radial velocity, Gr’ did not have to be specified in advance

as was previously required; only E, needed to be specified when

a
the assumption was made that Sc_ = Le_ = Pr_ = 1. Therefore,

T T T
the agreement obtained between computed and experimental pro-
files was a direct evaluation of the validity of the particular
model being tested. 2). A variable radial grid spacing in
physical coordinates was used in Reference 10 which signifi-
cantly reduced the number of radial grid points required, thereby
greatly shortening computing time. Results are presented for all
trials and all cases in Tables 4 to 12 and for the best results
with Case C in Figures 7 and 8; agreement between experimental
and computed concentration and velocity profiles is reasonably
good for the last trial in each case, as shown in Tables 5,6,8,9,
11, and 12. The transport coefficients used in these numerical
integrations are tabulated in Tables 4,7, and 10; linearly inter-
polated values were used at radial positions intermediate to
those tabulated. Comparison of the various cases shows that a

relatively small change in E, or ¢ results in a rather large

d
change in computed concentration profiles, but not nearly as
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significant a change in the computed velocity profiles. Also,
reasonable agreement was attained using the simple trends.
Additional computer trials must be made in order to determine
whether Eq and ¢ is more basic for correlation of data.
Further evidence concerning this important point could be
obtained in future work by analyzing the argon and helium
mixing data also available in Reference 8.

Eecause an insufficient number of data points were avail-
able to accurately define radial profiles, especially at the
centerline where symmetry required that a§/ar and a?z/ar=o
(see Figures 5 and 6), cosine profiles of the form

Y=Y +Acos (arx) (A-1)

\7z =V, +Bcos (fr) (A-2)
o

were fitted through experimental points located at radial posi-

tions of 0, 0.125, and 0.25 in. These cosine fits were more

general than those used‘in Reference 8, in which two rather

than three arbitrary constants were used. As shown in Tables

13 and 14 considerable smoothing of both E_ and £ occurred using

these fits; however, overall results were iot drastically changed
from those obtained with the smoothed data, except that values
near the centerline were increased because the curvature of the
cosine is maximum at the origin.

The good agreement between computed and experimental Y and
ﬁz profiles shown in Figures 7 and 8 and in Tables 5,6,8,9,11,
and 12, obtained using the simplified trends, substantiate the
validity of these trends and suggest that for these data radial

variation of the transport coefficients is more signicant than

axial variation, and Ed reaches a maximum at about 20% of the

A S 2R aa Ak e A G e e il A
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distance from the centerline to the free stream. Similar trends

were reported in Reference 19 for subsonic flow between two
parallel plates. Further invesitgation is required to confirm these

important points.
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"TABLE 7
TURBULENT TRANSPORT COEFFICIENTS USED IN
NUMERICAL INTEGRATION, CASE B*
TRIAL
/*l ; ; ; N
R oE 4 OEd, oEd
inches 1lbm/ft-sec lbm/ft-sec lbm/ft-sec
0 0.02 - 0.0l 0.010
.020 —kk - 0.010
.026 - - 0.012
.035 - - 0.015
. 065 - - 0.015
.085 - - 0.020
.100 - - 0.030
.700 0.02 - 0.01 0.030
* In all trials the assumption was made that Ed = Em

i.e. 'SCT

*%* ILinear interpolations was used for evaluation

at radial positions intermediate to tabulated

= 1

of coefficients

values.
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TABLE 10 :
TURBULENT ‘TRANS PORT CQEFFICIENTS USED IN
NUMERICAL INTEGRATION, CASE C*
TRIAL :
- : A
4 M\
1 2 3.
= . oEd gd | . | OEd
inches - 1bm/ft-sec ft~ /sec lbm/ft-sec
0 | 0.02 0.050 0.0025
. 0.05 ' - k% - o 0.0175
0.10 - v - 0.0250
0.20 ' - - 0.0300
0.10 ' - - -
0.50 | - - -
0.70 ‘ 0.02 ' 0.055 -0.0300
* In all trials the assumption was made that Ed=Em,
i.e., 8¢ = 1. :
' T
** J,inear interpolation was used for evaluation of coefficients

at radial positions intermediate to tabulated values.
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